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goooooboooooooboboodoboooooooooooooon
0000000000 [15]0
ORSAOOOOOOOOOOOODOOOODOOOODODOOUODOOOD
0020000 KeOOOOOOOOOoOOOOOOOOoOoODOOOO
000000 [ojoooooO0oO00O0O0O0O0O0O00OO0ODOOODODODOO
00020 aeze 00 «000000000000D0O0D0DODOOOOO
coooboobooooobooboboobobooboooboooonboOoon
gooobooboobobobooooooooooobobdbKoODOO
gboboobbooboboobobooobooobboobboZzo3n
O CheonO0O [7]00000000D00O00O0O0ODOOOOODOOOOO
OO0DO00CO0OD0O000O0ODO0OOOOCheonO0OODOOOOOOODO
0000 Lawrence-Krammer 0 0 [12]| 00 0000000000000
gooooobooooooobobooooooboooooooooboooOoon
booboooboobobobooobobobooboboooboooboon
00 LukkarilaODOOOOOO0OO0O0O0O0O [13)]000000000O0O0OOO
gbobooooobobuooooboboobobobooboobob
gbooooobooobooonoog

gooooobboboobobobooooboboboooboboon
gobobobobuooooobobobboooooobbobooboooooon
O0O00pDO0o0oDoo0oOon pythonOOOOOOOOOODOOOOODO
O0O0D0O00b0bDOO0OMathematicaDOODUODODOODOOOOODOO
god
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2.1 OJO0O0O0obooooon

00000000000000000000000000000000
0000000 [4],[16])0

2.1.1 0O0O0O0O0O0

n— 000000000 20000000000 000000000
goobooooobbbooooobobooooobobboooon
O0n— 000000000 B,U0D00OnO braid indexd 0O OO

Bs0 0

2.1.2 OJOOOOO

2000000000 e, b00000e¢0b0OO000DOOODOOOOO



200000000

2.1.3 Artin generator

B,n=1,23,..0n-100000 o1,09...,0,,000000 0
00 00000004000:i4+100000000000G000
00i+10000000000000000000000000000
Do;'00@;00000000000000000000O0OOOOO
0000000000000 0000e00000000000 Artin O
0000000000000000000000000

oios = osoyp if |t —s| > 1 (2.1)

010501 = 050005 if [t—s| =1 (2.2)

0002000000 6b0000.0000000000000000
000000000000000000000000000000b0
000000000000D00000000B,00000 02 =1,i =
1,2,3,...,n—1 000000000B,0000%,00000000B,
00x,000000000000p:B,—%,0000000000 B,
000 (,i+1)00000000

000 a€By,reS00=01000s00000007=23410000

1234
T =
2341



gboOe

1 i i+1 n

00000,

214 00000

00000000 (21)0(2.2) 000000000000 BfoOooOO
0000000000000 o0oOoO00o0do0oooooooooooo
10000000 permutation braid D0 0000000X, 00000
O permutation braid 0000000000000 DO0OOOODOOODOO
000000 fundamental braid 0 0 O A, 0000

An: —= 0109 """ Un—lAn—l (23)
fundamental braid O O

Ay = 010203010201 = 010203020102 = 010302030102



fundamental braid Ay

215 00O

B,00000000000000000000V € By U =WV OO
OOW <, UDD0000W=VWOOOOW <zpU0000000 W
OV, € Bf U = ViWWOOOOW <U0000
02000000 0UOVO00O000000W <, UOW <, V0000
0000 WO left meet 000U A, VOOOOODOO0OD <00
00 right meet 00000 ARV OOODO0DODOU <, WOV <, WO
0000000 WO leftjoin 000UV, VOOOOO0OO00000DO
right join 000000V VgV OO0O0O000000000 meet 000
0000jein00000000000000000

2.1.6 Band Generator

Birman OO Artin0000000000000000O0O0O0O0O band
generator 3,90 000000000000 00O001<s<t<n0O0O
O O band generator a;s [

ats = (011012 - 0541)0s(0, )y -+ 0, 507) (2.4)

000000000 ¢00000s00000000000000000
00000000 By =0:0000
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band generator [ [
band generator U0 00O 000D O0OO0OOOOOO

ats = arqars if (t—7)(t—q)(s—7)(s—¢q) >0 (2.5)

AtsQsy = QprQs = Qgrayr Vi, 8,7 (1 <r<s<t<n) (2.6)
Ay(141)As(s4+1) = As(s+1) (1) i [t —8[>1 (2.7)
Ap(t41) Ds(s 1) Tt (t41) = Ds(s+1)a(t41)Ds(s41) i [t — 8/ =1 (2.8)

00 0 0Oband generator 0 00 0000 fundamental word 00 00O
ooooogooo

0 = Up(n—1)A(n—1)(n—2) " ** @21 = Op—10p—2 " 0201 (2.9)

22 QOJO00O0O0Ooon

fundamental braid 00000000000 O0O0CO0OOO0;00O0
000000000000 0000000O0Oeft canonical form 00O 0O
oooooooo
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2.2.1 left canonical form O O O

00000000 PeB/00000000D0ODOOOOOOOO

S(P)={i|00 P eB/00000OP =0;P'} (2.10)
F(P)={i|00Q eB/00O00OP=Q 0;} (2.11)

S(P),F(P)00000 Starting 0 0 O FinishingD 0000000000
00000000 ABO F(A) 2 S(B)00OD0OD left weighted O O
00

OO0 ODO00DO0O0DO0O0 W e B,O00000left canonical form 00O
gboogobooboooooboobooon

W=AA1Ay... Ay, u€Z, A€ \Je, Ay} (2.12)

0000 AAi(1 <i<p)O left weighted 000 D00D00D00 pO
canonical lengthD u O infimum0O u + p O supremum O 0 0O [10]0

2.2.2 left canonical form OO0 O O0000O0O
Starting 0 000 O0O00D0OOOOOOOOO

00 00Pex,000 Ve, €S(P)OODOONO

o;'P e, (2.13)

O00A,000D00COCOO0000O0OD

(a)1<i<n—-10000M, =0;4; =B;os000000 A4;,B; €%,
Do00ooo
(b)1<i<n-10000@;4, = Awo,;,000000

0000000 (a),(b) 0000 left canonical form 00 0000
1oboogoooooobooonobooboboadan WDDDDDWDO’;l

000000000(000;'=A,'B,00000;'00000000
0@GO00000A'0000W =A% POPe Bf00O0O
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2-1000000 POOODODOODOO Opermutation braid 000000
goooood

P =ajas-- a0 aiein
2-2
-1, 1 §Vi<lDDDDDS(ai+1)—F((I¢) #@DDD 0j GS(ai+1)_
F(ai)DDDDD

a; < Gi0j, Qiyl <—0j_1ai+1
goooon

2. 0010 S(ai41) — F(e;) =00000 000000000000
0o0

3. a1 =A,000000 «u +1,a1 —a000000000 a1 # A,
00oo0ooooon

4. A —a;,000000
22000000000000000000 AppendixO0000O00O0O

3010000000000 0OO0O00O00O0ODODODODO0O0 10 left canon-
ical form 00 00000COCOOO

left canonical form 0 O
n =40W = alaglagalﬂ left canonical form 000000

1005 0A'B;00000M;'0000000

-1
W = 0'1A4 (0'30'2010'30'2)0'20'1
-1
= A4 03(0302010302)0201
_ -1
= AP

2-10 00000 P = o0303090103020901 0 permutation braid 0 O O [
ooooon

P = o0303090103020901
= (o3)(0302030102)(0201)

(a1)(az)(as)  (ar,az,a3 € )
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00000 (aasz), (agas) O left weighted 0 0000000000

2-2
1. F(a1) = {3},S(a2) ={2,3} 0 00S(a2) — F(a;) ={2} 000000
a1 < (a1)o9 = 0302, az — U;l(ag) = 0510302030102 = 03090109

2. F(a1) = {2},S(ag) ={1,3} 000S(a2) — F(a1) ={1,3} 000000
a1 < (a1)o1 = 030901, az — Jfl(ag) = Uflagagalag = 030901

3. F(a1) ={1},S(a2) ={3} 000S(ag) — F(ay) ={3} 000000
a1 < (a1)o3 = 03020103, ag — ng(ag) = a;lagagal = 0901

4. F(a1) ={1,3},S(ag) = {2} 0 00S(ag) — F(ay) ={2} 000000
a1 < (a1)o9 = 0302010302, az «— 02_1(@2) = 02_10201 =0

5. F(a1) ={1,2},5(a2) = {1} 000S(a2) — F(a;) ={ } 000000
F(a1) 2 S(a2) 0000000 Oagaed left weighted 0 00 O

6. Faz) = {1},S(as) = {2} 00 0OS(a3) — F(ap) = {2} 000000
ag <— (az)ag = 01092, a3 < 0'2_1((13) = 02_102(71 = 01

7. F(as) = {2}, S(as) = {1} 0 0 OS(a3) — F(az) = {1} 000000

ag <— (ag)al = 010201, Qa3 < Ul_l(ag) = 01_1(71 =€

8. F(az) ={1,2},5(a3) ={ } 000S(a3) — F(az)={ } 000000
F(az) 2 S(a3) 0000000 Gagagd left weighted 0 00 O

9. F(a1) ={1,2},S(a2) ={1,2} 00 0OS(a2) — F(a;) ={ } 000000
F(a1) 2 S(az) 0000000 Oayaed left weighted 0 0 O O
ooooo

P = (o0309010302)(0102071)(€)
= (0'30'20'10'30'2)(0'10'20'1)

= A1A

0000000 Ai0A00000F(A;) 2 S(A2) 0000 A10A2 O left
weighted 000000 O0OODOO left canonical form 0 00O O

W = AZl (0309010302)(010201)



14

000 left canonical form 0 0 O O O O O right canonical form O O O
oooo
W = A1Ay. . ApAY weZ, A; € SN\{e, An}

0000A;, A0 F(A;) C S(A1) 00000 Oright weighted 00 0 O
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030 Uootdootdbobouotbd
HpN

00000000000000000000000000000000
000000000 [10]0

3.1 UoOoO

0000 zly00000000y=aze 00000000000
gboooboomboobooboobooboogbooobooobooboon
gooobooboooobouooB, m<nod - 6,—100
oooo B,0000000D0

3.1.1 0000

10000000
0000(z,y) € B X By
000020 y0000000000000000

020000000
0D000(z,y) € By x By, (a€B,00000 0y =axa™'D
O000y=are 0000 ec B,00000000

03000000000
0000(x,y) €Byx B, (m<nO00000y=ava '0a € By,)
O0000y=azxe '0000ke B,0000000DO

040000000
0000(z,y) € By x B, (m<nO00000Oy=aza '0a € By,)
O000y=dzd 0000 d” €B,00000000
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gbogbobuoboooogoobobobobobobaobooooan
ogbooooog

3.2 UJUOoon

Lr<nO0000B, 0000 LBORB,O00000OO0DOMOLBO nO
oooooooo/boobooRr0DO0LOrDO0O0OOO0ODOODOOD
gooobbooooooobooLBbO0000y, - ,001ORBOop—rt1
0., 00000000000 00O4+r<n0000000 a€ LB
DeRBOO0DO0ODOOOOOI+r=n0000000 L0O0O0O0O0ODO
gbooooboooooan

f: LB X Biyy — By X Biy,0 f(a,2) = (aza™", z)

(a,z) 00000000 Oexe ' 00000000000 O(aze™t,z) 0
0D«00000000000000D0O000000000 100000
00000000000000000000000

gbobobooboooobobboboboboooobobobon
gooooooon

[Base Problem)]

00000000 e€ LBhe RB,OODODO Oy, = axa 'Oyy = bab~ !0
000 By 00 (z,91,y2)

00 0by1b (= aypa™t = abza=tb71)

0 Base Problem 000000000 DODOOODODOOOOOOOODOO
O0zxe€e B, 00000000000000D00000000000
00 z € LBOxy € RB,0z € B, 000020 a,b,x1,22000
O0z0xz =222 000000000000000000O000OO
Oz=xaz00000000000

bbb = baza'b7!
= ab(mlxgz)a_lb_l (a,z1 € LBy, b,x2 € RB,)
= abrizea b2

= (azya ) (bzob™ 1)z
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good

Yy = aza™*

a(z1x92)a™t
= (amlxga_l)z

= (azia Hzoz

yp = bxb !
b(xy202)b "
= (bziaob Nz

= zy(bzab )z

000azia™ = g1z ey 'O bagd ™! = 27y 10000000

byib™t = (azia™b)(bzgb )z O

= (yiz 'z (T ez )2

000000000e®»OO000000 by 000000000

Base Problem 0000 20000 O¢"0 ¢g¥00 ¢* 0000 Diffie-
Hellman Problem 8|0 000 g0 0000000 OOOOOODOOOO
Diffie-Hellman-Like Conjugacy Problem(DHCP) O OOOOO OO

3.3 UoQ

A(lice) 0 B(ob) 000 00000000O00O000000OO

10000
O000ooo (L0000 0boo0o0000 xze B, 000000
oo

20000

() ADDDDDDDODOD e LB O0O0OOBOOON y; =aza”'00
00

(b)) BOOOOOOOOObe RB,OOO0OADDDD yp =bab~'00
00

(c)AO » 000000000 K =aype 000000
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()BO » 000000000 K=byb 000000

O00Q0aeLlBBeRBOa=0c000000
aypa™t = a(bzb et = blaza )b = by b7

O0O0O0OAliceD BobOOOOOOOOOODOOOOOODO

3.4 00000

3 ubooobooboobooobobobobouoooboboooobob
OD00HOB,, —{0,1}0000000000000000000000
gooan

1000000

() 0000000000 uwe B,,0000

(b)ae LBODOD

(¢)v=aua 0000 0wv)0000LOOOOOOOO

20000000000 me{0,1}*0000 (v,v) 0000000000
00

() be RB,ODODODODOOOO0O

M) w=bub'0d=HMvb~")emO0O0OOO0ODO000 (w,d)0000

300000000 (w,d)0000 «00000m = H(awa™!)&d0 0
oooo

a0 b00000000 awa™! = abub™ta™! = baua=1v1 = bub=10
D0000H (awa ) ®d = H(awa ™ )oH(bwb™Hem=mOO00000
O0oo00oooooooo
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(1401 Lawrence-Krammer (] [ []
Doddoooooodd
10

gbooooooobobobobooobooboobobobooooon
gbooabboood

4.1 0OO0O0O0OO0OO0OO0OOO

0000000000000 0O00000000O0 BuranuO O [2]0
Lawrence-Krammer [12] 000 2000000000

4.1.1 BuraulOO

Burau 0000000 pdl B, — GL, (Z[t,t"1])0000000

T4 0 0 0
0 1—-¢ ¢t 0
g; —
0 1 0 0
0 0 0 I,—i1
n=40000
1—t t—t2 2 0
1
W =o0100 — 0 00
0 1 0 0
0 0 0 1

OBuwranODOOUODOOOOOODOOO0OODOODOODOO Buwraud OO
gboboboobobobobobobooooooboboboboon
BurauOOO n=3000000000n>50000000000n=4
O0O00BwanODOOOOO0DOOODOODODODODOODOODOODO
oon
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4.1.2 Lawrence-Krammer O [

Lawrence-Krammer 0 000000 pd By, — GLyn—1y2(V) 000
00000000000V =Ztt, ¢ |0000{z;;/1<i<j<n}O
0000 VOOOOOOOoOOoOOO0OO00ddoegd Lawrence-Krammer O O O
O00oDoooooooog

;

t?r 0000000000000 (i=kj=k+1)
(1 - )2k +qrip1 00000000 (j=k,i<k)

zip + 1 (g - Do pn00000 (j=k+1,i <k)
pr(ok)Tiy = tq(q — Dagpsr + g ;000000 (i =kk+1 <))

000 n=4000 pk(o03) 0

2h;+ (1= @1 ;,00000000 (i=k+1,k+1<j)
z,;000000000000000 (i<j<k or k+1<i<j)
| 2ij + 1657 (¢ = 2000000 (i<k<k+1<j)0

.QL\DOOOO
~

1—q 1—gq 1 0 0
q 0 0 0 0
0 q 0 0 0
prlo2os) =g P 2t
0 0 —¢3t + ¢t 0 —q*t + @3t
0 0 —Pt+2¢% — Ot ¢* =Pt +2¢%t — 't ¢t — ¢t

0000 0Lawrence-Krammer U 00000000 nO0O0000ODO0O
gbobobooboobooboboobooboobooobooboooboooooon

4.2 0O0O0OO0OOOOO

Cheon O Jun O Lawrence-Krammer 000 000000000000
o00oo00oDo0ooooodooooooooooooooooooa
dodoooddouooooouooooooboooooobooooa
Ododoooooooobodooboooooooooooooooa
0000000oo0oUoooooooooao (7,110

gbddoboddooddoouooobouooobouooooooooog
00 u,v =aua™!,w=bub~! € B,(a € LB,,b € RB,) 00 baua=1b~!
0000000000000 Kheon 00 Lawrence-Krammer 0 0 0 0O
dododoooooouoooouooooo
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00000000000000000 Lawrence-Krammer 0000 00
00000000000000¢=1/20¢00<¢<10000000
000 Lawrence-Krammer 00000000 [12]000p, 0000 p,
0000 a,b,u,v,w0000000 A, B U,V,WOOOOOV = AUA!
00 VA=AUDDOODOOOO ADDOOOOOOOOOOO
VA = AU (4.1)
Ap (i) = p(oi)A (I+1<i<n-1) (4.2)
000000000000000 A 000000A 000000000
0 p(baua'p~) 000000
AWA™' = ABUB'A~'=BAUAT'B™!
= BVB™' = p (baua”'b"") € p(Bn) (4.3)
0000A €p(B,)00000000AD00000DO0OCOOO 000

gbodbuoobuooboobobobobboboboboobbob
goog

Algorithm 1: DHCPOODOOOOOODO
Input: u,v = aua™',w = bub™' € B,(a € LB,,b € RB,)
Output: baua 'L

l.¢q=1/20000p, 0000 p(uw), py(v), p(w) 000000
2. 00000 VA= AU, Ap(0:) = p(0)A (1+1<i<n-1)0000

3. A000000000DA'D00000DDO0DDDDODO0O0Og
gbooaboboobuadaoo

4. Ap (w)A™' = p(baua~"p")Y DD OO OO

5. Lawrence-Krammer 0 0000000000000 (p,yOOODOO
00000 baue ' 000000

0000000000000 000000000OD0OCheonOOOOO
OO0000DO0O0ODOO0O0O0OO00O000O0O0 Mathematica D Solve O O
gbooobooobooboobooboobooboobsoong ,olzl
gbooooooooooooboobobobobgng
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43 p 00000000000

cheon 00 [12]00000000 p': GLyguo1y2(Z[t, ¢*Y)) — By

D00000000000000000000000000000000
D000D00000000000 LukkarilaD 0000000000 [13]
00000000000000000000000

Algorithm 2: p;1DDDDDDDDDDDD
Input: Krammer 00 px(W) € GLy—1/2(Z[t*, ¢F1])0
Output: W O left canonical from0

01.d—00p(W)OODD ¢t000000
0 2. p(W) = pi(An) =% p(W)D
03.1—00pW)Doootooooond

O4. fork=1tol:

000041 v p(W) - (Dixn(not)/2]
0000 4.2. A {(i,5)| (v,zi;) € tR[])}0
0000 4.3. Ay — GB(A)D

0000 44. p(W) — pi(Ag) " o (W)O

0 5. return A% A, --- A0

0o0o0o00ooo0ooooog (vyey)0vOO0OO0O ;0000000
gbobobobb420000000000¢«00000D0DODO
O00DOO00D0OCO00D0OO0OO0DOO0O0OM.30 GBO Greatest Braidd O
[12]000000000000000000

sije¥, (1<i<yj<n)0i¢0; ;0000000000000000

oooooooooon
1234
8 =
1 41231

D000000RefO s;000 Ref = {s;5 | 1 <4< j <n}000MRef
00000

HP:{ACRef| Sij,Sjk € A= s € A 1§i<j<k§n} (4.4)
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Ooooo
GB =L 'Pro: HP — U C B, (4.5)

goooobogoog

L:¥, - HP, L(z) ={s;; | 1<i<j<n, z7li>a"'j}, (z€%,)
(4.6)
Pro : HP — HP (4.7)

O000AcHPOOOOOB =Pro(A)0 BC ADO Be L(Z,) 0
00000000000

r: Y, —BY, 00 U= r(%,) (4.8)
oooo

r(s14) = 0102030201

goog
O0000L(z) CRef X, 000000000GBO HPOO BfOO
gboooaogo

pl0000

W =o0903€ B4O000p, '(W)0DDOOOOO

1—q 1—g¢q 1 0 0 0
q 0 0 0 0 0
0 q 0 0 0 0
(W) = 0 0 —¢’t + ¢t 0 ¢t 0
0 0 —@3t + ¢t 0 —¢?t + ¢t >t
0 0 —Pt+ 2% — ¢t ¢* —¢*t+2¢%t — ¢*t Pt — Bt

1. i« 000000¢t0000god
2. pk(W) = pi(A0)° (W) = pie (W)

3.l ~000Db0OD<:t00000 14




4. for0 OO :

0000 4.1. v p (W) -

0000 4.2 (v,zi )

0000 A« {(4,5)

3-2¢00000  (i,j) =(1,2)
00000000 (i,5) = (1,3)
00000000  (i,5) = (1,4)
#t00o0ooooo (G,j) =(2,3)
¢t0000D0000 (4,5) = (2,4)
| +g't—t00  (i,7) = (3,4)

(1)1><6

3—2q

(v, 2i) € tR[H])} = {(2,3),(2,4)}0

0000 4.3. A= {8237824} € HP

1234
T = € Xy
1342

000000 O0000L(z) = {s3,504} S A

. = L7 'Pro(A)

000000 A «— GB=r(z) = 09030

0000 44. p(W) — p(A1) " pi(W)

100000
010000
o0 1000
"l oo0o0100
0000T10
000001

24
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5. return AgAl = o903l

000000 (W)=090300000000000000 ¢g=1/200
0000000000

4.4 0O0O0O0OOO

gooooboobobooboboboobbobuoboobobooon

00w = 030901 v = aua™!

goooboboooogd

= 010302010f1DLU =bub !l = 03030201(7;1

L p(u), py(v), py(w) 00 OO0 O
2. 00000 VA= AU, Ap (03) = p (03)A00000000

ai; a2 a3 ai4 ais  4ie
Q21 Q22 a23 Q24 Q25 Qa2
A= azy az2 a3z a34 azs as3e
Qa1 Q42 @43 Q44 Q45 Q46
as1 Ap2 @53 QAs54 A55 A56

ag1 A2 AE3 Ge4  A65 466

goog

. 0gbooboobooaonood

tass —%ass —%ass 0 0 0
0 0 0 ass 0 0
A 0 1 0 0 1 0 ass 0
0 5&35 0 5&35 0 0
0 0 %a35 0 %a35 0
0 0 0 0 0 ass

000000 A0000D0D0D00D0D0DA'000000
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4. Ap (w)A™' = p (baua='b~")

t 3t

o -t 3t 0 0 0
1 3t 1 9t 1 3t 1 9 2
0 §+% —s5- 3 1~ 16 17T 1
1 t 1 3t 1 t 1 3t 2
| Y §tm sTm i1 “itic @
305 Bt 5 9t 13 1,9 1
16 16 64 16 64 8 32 8 32 t
105 .t 5 3 1 & 1,3 I
16 16 64 16 64 8 32 8 32t
et e M et ™ g

64 128 128 64 64

goog

5. Algorithm 200000400000 py(baua="b~1) 00 baua='b~"
ooooo

baua_lb_l = AZ1A1A2A3

= A4—1(a'30'1)(0’10'20'30'20'1)(0'302)|:|

gbooooobooobobooboooon



27

050 Oooooogo

Lukkarila 0 Mathematica 00000 [14]0 000000000000
left canonical form 00000000000 OCOOOO0ODOOCOOODOCOOO
0 PythonO 00O [4],[5],[6]040 0000 Lawrence-Krammer 0 0 0 O
0000000000000 0 MathematicaO 000 O [7),[13]0

5.1 PythonUUOOODOOOODOO

PythonOODODOODODOODOOOOOOODODODLDOOOOOODOO
O00oo0oobooooboUOPythonODOOOOODO

>>> import Braid
>>> Braid.Artin_Braid(4) .Delta()
(1, 2, 3, 1, 2, 1]

00000000 A0000D0D000000C0D000000COBraid.Ar
tin_Braid(n). 00 0000000000000 n000000O00O00O0O
gbobobooboooobobobobooobobooboboobon
ooooo

5.2 PythonUO OO OO

Python 0000000 O00OODO0OO0OOOOODOOOOOOO0O
00000 wOOOO word0OpO0D0OO00O0O00O0O0OO0OOO0O
00000000 n=40000W = 010205000 wOOOODODODO
Ow=[1,2,-3]000000000000000000 p=[2,3,4,1]0
ooooo

Word Operations

e Braid_As WordQ[w]: Braid_As_WordQ O w O word D O O OO
0000 Trued00O0O0O0OD0DODOO FalseOO OO
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Positive_Braid_As_WordQ[w]: Positive_Braid_As_WordQ[w] 0 w
00000 worddOOOODODODODO TreeOODODOOOOO0O
False 0O OO

Freely_Reduce_Word[w]: Freely_Reduce_Word[w]O w = [a,--- ,i
—i,---,b|0000000O0O0OO0OOO0OO0OOO0OOOODOO
Ow=[a---b|0000000000COOOOODO0OOODOOO WO
ooo

Delta] |0 Deltajn]0 word DO OO A,0000

Word_To_Permutation[w]|: Word_To_Permutation 0 w 000 O
goooood

Product_Word[w1,w2]: Product_Word O wlxw2 O 00O
Inverse_Word[w]: Inverse Word 0 w—' 0000
Reverse_Word[w]: Reverse_ Word O w0 reverse 000 w, 0000
Negation_Word[w]: Negation Word 0 w; ' 0000

Half Twist_Word[w]: Half_ Twist_Word O 7(w) = A, 'wA, 00
gdg

Word_Left_Meet[pl,p2]: Word_Left_Meet 0 000000 pl,p20
plArp20 wordOODOODODO

Word_Right_Meet[p1,p2]: Word_Right_Meet 0 000000 pl,p2
OplAgpp20 wordODOODOOO

Word_Left_Join[pl,p2]: Word_Left_Join 0000000 pl,p20
plvyp20 wordOODODODO

Word_Right_Join[pl,p2]: Word_Right_Join 00000 OO pl,p2
Oplvepp20 wordODOODOOO

Word_Random_Braid[ |: Word_Random_Braid DO OO0O0O0O w €
B,0000

Word_To_Left_Canonical_Form[w]: Word_To_Left_Canonical_Fo
rm O w O left canonical form 00000000 [infimum,W(word
0000) 000000000000 [infimum,W] = Ainfimunyy
= AMfimum wiyw2s... 0000000



29

Word_To_Right_Canonical_Form[w]: Word_To_Right_Canonical
Form O w0 right canonical form 00000000 [W(word O OO
0),infimum] 00000000000 0O[W,infimum]=W Alnfimum —
wlsw2s .. A oo oOoQQoQ

Word_Braid_Comparison[wl,w2]|: Word_Braid_Comparison 0 w1,
w20000000000000000 TreeD OO OO0ODODO False
ogood

Word_Commute_Left[w,s,d]: Word_Commute_Left 0 w O s OO
odooooooooooooodoobooooooodooooo
0Jooooooooooooooo0ooooonoooooooo
OO0 sO0000O00000O0, 0000000000 wj]0OoOooOD
000(0<sd<n0O0 s>d)

Word_Commute_Right[w,s,d]: Word_Commute_Right 0 w0 s
odoooooooooooooodoboooooooodononono
0o0oooooooooooooo0ooooooooooogo
000 [sO00O00000O00, 0000000000 w)OOODO
0000(<sd<nO0 s<d

Permutation Operations

Identity_Permutation| ]: Identity_Permutation 0000 e 00O
goooooon

Omega[ |: Omega 0 A,0000000Q,0000

Braid_As_PermutationQ[p]: Braid_As_PermutationQ O p 0 OO
000000000 TreeOODOOODOODO FalseOOOO

Half_Twist_Permutation[p]: Half Twist_Permutation 0 p O £,
goooooooood

Transposition[i]: Transposition 000 (i,i+1) € £, 0000

Permutation_Product[pl,p2]: Permutation_Product O pl,p2 0 O
googoooo

Permutation_To_Word[p]: Permutation_To_WordO pO0 0000
word D OO 0O

Permutation_Inverse[p]: Permutation_Inverse J pO0 0000000
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Starting_Set_Permutation[p]: Starting_Set_Permutation 0 pO St
arting0 0000000 00pO0O0O0OOOOOOOOOOO

Finishing_Set_Permutation[p]: Finishing_Set_Permutation 0 p O
Finishing OO O ODOO0OOO0DOOpOO0OODODOOOOOODODOO

Left_Weighted[P]: P=[pl,p2, ---]000 pl,p2 --- 000000
O O Left_Weighted O pl,p2 --- O left weighted 0 0 0 0 O TrueO
0000000 FalseO O OO

Right_Weighted[P]: P=[pl,p2, ---]000 pl,p2 --- 00000
0 O O Right_Weighted O pl,p2 --- O Right weighted O 0O 0O 0O O
TrueDOOO0OD0D0O FalseODODO OO

Permutation_Length[p]: Permutation_Length O pO0O0 00000
O 0donooogn

Permutation_Left_Meet[p1,p2]: Permutation_Left_Meet 00 0O
000 pl,p20 pl A p2000000000

Permutation_Right_Meet[p1,p2]: Permutation_Right_Meet 0 O O
0000 plp20 pl Agp2000000000

Permutation_Left_Join[pl,p2]: Permutation_Left_Join 00000
00 pl,p20 pl v, p2000000000

Permutation_Right_Join[p1l,p2]: Permutation_Right_Join O O O
0000 plp20 pl Vepp20 00000000

Maximal _Head[p1,p2]: Maximal _Head O pl,p2 0 maximal Head
p1((Qp1~!) AL p2) DOOO

Permutation_To_Left_Canonical_Form[inf,P]: Permutation_To_Le
ft_Canonical_Form [0 AMP= AMpi4p2+ ... 0 left canonical form
00000000 [infimum,P]000000000000P=[pl,p2, --]
goboooooobooood

Permutation_To_Right_Canonical_Form[inf,P]: Permutation_To_
Right_Canonical Form 0 PA™ = plsp2«--. A 0 Right canon-
ical form 00000000 [Pinfimum|000000000O000
P=[plp2,--]00000000000000

Permutation_Left_Canonical_Form_Product[LCF1,LCF2]: Permu-
tation_Left_Canonical_Form_Product 0 LCF1,LCF2000000
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000O0LCF1,LCF20 O left canonical form(LCF=[inf,p1,p2,---])
goooon

Permutation_Left_Canonical_Form_Inverse[LCF]: Permutation_
Left_Canonical Form Inverse 0 LCF~' DOOO0OOOOOLCF O
O left canonical form(LCF=[inf,pl,p2,---]) 000000

Permutation_Braid_Comparison[P1,P2]: Permutation_Braid_Com
parison 00 000D OOOOOO PLP2O0OO0ODODOOODOOO
00000 TrueD O ODOOOOO FalseDOOODO

Permutation_Random_Braid[ |: Permutation_Random_Braid O
odoooooo pe, 0000

Braid Operations

Infimum_Left_Canonical_Form[w]: Infimum_Left_Canonical_For
m 0 w O left canonical form 00 00O infimum 00 00

Canonical_Length_Left_Canonical_Form[w]: Canonical_Length_
Left_Canonical_Form [0 w O left canonical form O 0 00 O canonical
length OO OO

Supremum_Left_Canonical_Form[w]: Supremum_Left_Canonical
_Form O w O left canonical form 0 0 0 O supremum O 0 OO

Infimum_Right_Canonical_Form|w]|: Infimum_Right_Canonical
Form O w O right canonical form 0 0 0 0O infimum O 0 00

Canonical_Length_Right_Canonical_Form[w]: Canonical_Length
_Right_Canonical Form O w0 right canonical form 0 0 O O canon-
ical length O 0 OO

Supremum_Right_Canonical_Form[w]: Supremum_Right_Canoni
cal_Form O w O right canonical form 0 0 O O supremum O 0O OO

Cycling[W_LCEF]: Cyclingd W_LCF= Alz;x5 - - -z, 0 left canon-
ical form 0 0 O O cycling ¢(W_LCF) = Alzy - - a7 (2x1) D00 00

Decycling]W_LCF]: Decycling 0 W_LCF= Alzjzy-- -z, O left
canonical form 0 0 O Odecycling d(W_LCF) = Al m%(zk)x1 - - - T—1
goao
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oooooboUoboobboobo0obo0b0obOd Lukkarilad Math-

ematicaJ0000 (4]0 0000000000OO0OOOOOOOO
gbooobobooood
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Appendix

Python Program

# —*x- coding: cp932 -*-

A python-package for braid groups.
start date: [0 2007 7/5 (Thursday)
last update: 2008 2/20 (Wednesday)

author: Arihiro_Maeda

HERSFHHBFHH B H AR H R R R R R R

# #
# This is a class for braid_groups. (Artin_Generator) #
# #

HEHHHHAFHHBHFHHAFH B R HHAFHH R HRAFH R HRASH R B HRR SRR

import random

import sys

class Artin_Braid:

def __init__(self,n):
n is the braid index. (n > 0)

you must input natural number.

if n <= 0:

34



35

print "Braid_Index_Error"
while n <= O:

(=]
1

input("input: n = ")

self.n n

nnn

Word Operations

nnn

def Braid_As_WordQ(self,w):

You must input "Word" into w.
nnn
for i in w:
if abs(i) >= self.n or i ==
return False

return True

def Positive_Braid_As_WordQ(self,w):

You must input "Word" into w.
nmon
for i in w:
if 1 <= 0 or i >= self.n:
return False

return True

def Freely_Reduce_Word(self,w):

You must input "Word" into w.

if len(w) == 0:
return w

if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit (0)

i=0

while (i >= 0 and i < len(w)-1):



def

def

if wli] == -w[i+1]:
del w[i]
del wl(i]
i=i-1

i=i+1

return w

Delta(self):

a=[]

n = self.n

i=1

while n >= 1:

if i < n:

a.append (i)
i=i+l

else:

]
i
[N

n

return a

Word_To_Permutation(self,w):

You must input "Word" into w.
Wi
if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit (0)
a = self.Identity_Permutation()
i=0
while i < len(w):
j = wli]
if j < O:
j=-]
Temp(a,j-1,j)
i =i+l

return a
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def Product_Word(self,wl,w2):

You must input "Word" into wl and w2.
win
if (self.Braid_As_WordQ(wl) == False) or \
(self .Braid_As_WordQ(w2) == False):
print "Word_Error"
sys.exit (0)
#W = []
#for i in wil:
# W.append(["o ",i])
#
for i in w2:
wl.append (i)
#W.append(["o ",i])
# print W

return wil

def Inverse_Word(self,w):

You must input "Word" into w.

if self.Braid_As_WordQ(w) == False:
print "Word_Error"

sys.exit (0)

i = len(w)-1

#r = []

p = [

while i >= O:
j = -wlil

p-append(j)
#r.append(["0 ", j])
i=i-1

#print r

return p

def Reverse_Word(self,w):
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You must input "Word" into w.

if self.Braid_As_WordQ(w) == False:
print "Word_Error"

sys.exit (0)

i=20
n = len(w)
W= []

while i < n:
W.append (w.pop())
i=1+1

return W

def Negation_Word(self,w):

You must input "Word" into w.
if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit (0)
i=20
while i < len(w):
wl[i] = -w[i]
i=i+l

return w

def Half_Twist_Word(self,w):

You must input "Word" into w.

nnn

if self.Braid_As_WordQ(w) == False:
print "Word_Error"

sys.exit (0)

p= 1[I
for i in w:
if 1 > 0:

p-append(self.n-i)
else:



def

def

def

def

def

p.append(-self.n-i)

return p

Word_Left_Meet(self,pl,p2):

You must input "Permutation" into pl and p2.
nnn

p3 = self.Permutation_Left_Meet(pl,p2)

w = self.Permutation_To_Word(p3)

return w

Word_Right_Meet (self,pl,p2):

You must input "Permutation" into pl and p2.
nnn

p3 = self .Permutation_Right_Meet (pl,p2)

w = self.Permutation_To_Word(p3)

return w

Word_Left_Join(self,pl,p2):

You must input "Permutation" into pl and p2.
p3 = self.Permutation_Left_Join(pl,p2)
w = self.Permutation_To_Word(p3)

return w

Word_Right_Join(self,pl,p2):

You must input "Permutation" into pl and p2.
p3 = self.Permutation_Right_Join(pl,p2)
w = self.Permutation_To_Word(p3)

return w

Word_Random_Braid(self):
p = self.Permutation_Random_Braid()

w = self.Permutation_To_Word(p)
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def

def

i=0
while i < len(w):
if (random.randint(1,2)%2) == 1:
wli] = -w[i]
i=1i+1

return w

Word_To_Left_Canonical_Form(self,w):

You must input "Word" into w.
if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit(0)
pr = Word_To_Permutation_Representation(w,self.n)
W_LCF = Permutation_Representation_\
To_Left_Canonical _Form(pr,self.n)
i=1
while i < len(W_LCF):
W_LCF[i] = self.Permutation_To_Word(W_LCF[i])
i =i+l

return W_LCF

Word_To_Right_Canonical_Form(self,w):

You must input "Word" into w.
win
if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit (0)
pr = Word_To_Permutation_\
Representation(w,self.n)
lcf = Permutation_Representation_To_Left\

_Canonical_Form(pr,self.n)

rcf = []
inf = 1lcf[0]
del 1lcf[0]

p = lcf
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def

41

if (inf % 2) == 1:
i=0
while i < len(p):
pli] = self.Half Twist_Permutation(p[i])
i=1i+1
p.reverse()
rev = []
i=0
while i < len(p):
rev.append(self.Permutation_Inverse(p[i]))
i=1i+1
rev.insert(0,0)
rev = Permutation_Representation_To_Left_\

Canonical_Form(rev,self.n)

del rev[0]

rev.reverse()

i=20

while i < len(rev):
rev[i] = self.Permutation_Inverse(rev[i])
i=i+1

p = rev

p-append (inf)

W_LCF = p

i=0

while i < len(W_LCF)-1:
W_LCF[i] = self.Permutation_To_Word(W_LCF[i])
i=i+1

return W_LCF

Word_Braid_Comparison(self,wl,w2):

You must input "Word" into wl and w2.
win
if (self.Braid_As_WordQ(wl) == False) or \
(self .Braid_As_WordQ(w2) == False):
print "Word_Error"
sys.exit (0)
pr = Word_To_Permutation_Representation(wl,self.n)



wl = Permutation_Representation_To_Left_\
Canonical_Form(pr,self.n)

pr
w2

Canonical_Form(pr,self.n)

Permutation_Representation_To_Left_\

if wl == w2:
return True
else:

return False

def Word_Commute_Left(self,w,s,d):

You must input "Word" into w and

"natural number" into s,d (s >= 4d).

nnn

if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit (0)

if (s < d) or (s > len(w)) or (d <= 0):

return w
if self.Positive_Braid_As_WordQ(w) == False:
return w
s = s-1
d = d-1
while s > d:
k=s
if wls] == wls-1]:
i = s+l

return [[i]]+w
if abs(w[s]-wls-1]) > 1:
Temp(w,s-1,s)
s = s-1
else:
j = s+l
while j < len(w) and j-2 >= 0:
if wlj-2]1 == wljl:
if j !'= s+1:
wlj-2] = wlj-1]

42

Word_To_Permutation_Representation(w2,self.n)



wlj-11 = w([j]
wljl = w[j-2]
s = s-1
break

else:
wls-1] = w[ls]
wls] = wls+1]
wls+1] = w[s-1]

s = s-1
break
=i
if j-(s+1) == -2:
i = s+l

return [[i]]+w

j=jt

if s == d:
i = s+1
return [[i]]+w

if j-2 >= 0 and w([j-2] == w[j]:
wlj-2] = wlj-1]
wlj-1] = wljl
wljl = w[j-2]
s = s-1

if k == s:
break
i = s+l

return [[i]]+w

def Word_Commute_Right(self,w,s,d):

win

You must input "Word" into w and

"natural number" into s,d (s <= d).

win

if self.Braid_As_WordQ(w) == False:
print "Word_Error"
sys.exit (0)

if (s <= 0) or (d > len(w)) or (s > d):
return w



if self.Positive_Braid_As_WordQ(w) == False:

return w
s = s-1
d = d-1
while s < d:
k =s

if wls] == wls+1]:

i = s+1

return [[i]]+w
if abs(w[s]-wls+1]) > 1:

Temp (w,s,s+1)

s = s+l
else:
j =s-1
while j >= 0 and j+2 < len(w):
if (wljl == wlj+2]):
if j 1= s-1:
wljl = wlj+1]
wlj+1] = w[j+2]
wlj+2] = wlj]
s = s+1
break
else:

j = jH1

if j-(s-

i:

wls-1] = w[s]
wls] = wls+1]
wls+1] = wls-1]
s = s+l

break

1) == 2:

s+1

return [[i]]+w

j= g+
if s == d:

i = s+l

return [[i]]+w
if j+2 < len(w) and w([j] == w[j+2]:
wljl = wlj+1]
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wlj+1] = w[j+2]
wlj+2] = w[j]
s = s+l
if k ==
break
i = s+l

return [[i]]+w

nnn

Permutation Operations

nnn

def Identity_Permutation(self):
p = range(l,self.n+1)

return p

def Omega(self):
p = range(1l,self.n+1)
p-reverse()

return p

def Braid_As_PermutationQ(self,p):

You must input "Permutation" into p.
if len(p) != self.n:
return False
I = self.Identity_Permutation()
for i in p:
if (self.n-i) < 0 or (self.n-i) >= self.n:
return False
I[i-1] =0
for i in I:
if i > 0:
return False

return True

def Half_Twist_Permutation(self,p):
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You must input "Permutation" into p.

if self.Braid_As_PermutationQ(p) == False:
print "Permutation_Error"
sys.exit (0)

i=0

P =]

while i < self.n:
P.append(0)
i=i+1

i=0

while i < self.n:
P[i] = self.n - p[self.n-(i+1)] + 1
i=i+l

return P

def Transposition(self,i):

You must input "natural number" into 1i.
nn
if 1 <= 0 or i >= self.n:

print "Index_Error"

sys.exit (0)
p = self.Identity_Permutation()
Temp(p,i-1,1)

return p

def Permutation_Product(self,pl,p2):

You must input "Permutation" into pl and p2.
if (self.Braid_As_PermutationQ(pl) == False) or \
(self.Braid_As_PermutationQ(p2) == False):
print "Permutation_Error"
sys.exit (0)
p3 = range(0,self.n)
i=0



def

def

while i < self.n:

t = p2[i]-1
t = p1[t]
p3lil = ¢
i=1+1

return p3

Permutation_To_Word(self,p):

You must input "Permutation" into p.
if self.Braid_As_PermutationQ(p) == False:
print "Permutation_Error"
sys.exit(0)
w =[]
q = self.Identity_Permutation()
while p !'= q:
i=0
while i < len(p)-1:
if p[i] > pli+1]:
w.append (i+1)
Temp(p,i,i+1)
continue
i=i+l
w = self.Reverse_Word(w)

return w

Permutation_Inverse(self,p):

You must input "Permutation" into p.

if self.Braid_As_PermutationQ(p) == False:
print "Permutation_Error"
sys.exit (0)

p-insert(0,0)

q = range(0,self.n+1)

i=1

while i < self.n + 1:
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def

def

def

48

qlplil]l = i
i=1+1
del pl[0]
del q[0]

return q

Starting_Set_Permutation(self,p):

You must input "Permutation" into p.

win

if self.Braid_As_PermutationQ(p) == False:
print "Permutation_Error"
sys.exit (0)

S = self.Finishing_Set_Permutation)\

(self .Permutation_Inverse(p))

return S

Finishing_Set_Permutation(self,p):

You must input "Permutation" into p.

i

if self.Braid_As_PermutationQ(p) == False:
print "Permutation_Error"
sys.exit (0)

all_word = range(l,self.n)

S =1[

for i in all_word:
if Is_LeftElement_Big(p,i-1) == True:

S.append (i)

return S

Left_Weighted(self,P):

You must input "Permutation List" into P.
for i in P:
if self.Braid_As_PermutationQ(i) == False:

print "Permutation_Error"



sys.exit (0)
i=0
while i < len(P)-1:

S1 = self.Starting Set_Permutation(P[i+1])
S2 = self.Finishing_Set_Permutation(P[i])
for j in S2:
k=0
while (len(S1) > 0) and (k < len(S1)):
if S1[k] ==
del S1[k]
k = k+1

if len(S1) != O:
return False
i=i+1

return True

def Right_Weighted(self,P):

You must input "Permutation List" into P.
for i in P:
if self.Braid_As_PermutationQ(i) == False:
print "Permutation_Error"
sys.exit (0)
i=0
while i < len(P)-1:

S1 = self.Starting_Set_Permutation(P[i+1])
S2 = self.Finishing_ Set_Permutation(P[i])
for j in S1:
k=20
while (len(S2) > 0) and (k < len(S2)):
if S2[k] ==
del S2[k]
k = k+1

if len(S2) != 0:
return False
i=i+1

return True
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def Permutation_Length(self,p):

You must input "Permutation" into p.

win

if self.Braid_As_PermutationQ(p) == False:
print "Permutation_Error"
sys.exit(0)

n = len(self.Permutation_To_Word(p))

return n

# The following algorithm is taken straight from
# "Efficient implementation of braid groups"

# (J.C.Cha et al) and "Braid group Cryptography
# untangled" (A.Bolstad).

nnn

def Convert_Descending To_Permutation(self,x):

a = range(0, (len(x)+1))
z = [0]*(self.n+1)
i=1
i=1
x.insert(0,0)
while i <= len(x)-1:
if z[x[i]] == O:
alil =1
else:
alil = alz[x[i]]]
alz[x[ill]l =1
z[x[i]l] = i
i+=1
del a[0]
del x[0]
return a

nnn

def Permutation_Right_Meet(self,pl,p2):



You must input "Permutation" into pl and p2.

if (self.Braid_As_PermutationQ(pl) == False) \
or (self.Braid_As_PermutationQ(p2) == False):
print "Permutation_Error"
sys.exit (0)
pl.insert(0,0)
p2.insert (0,0)
self.c = range(0,self.n+1)
Meet_Sub(pl,p2,self.c,1,self.n,self.n)
i=1
r = (self.n+1)*[0]
while i < self.n+1:
rlself.c[i]] = i
i =i+l
del p1[0]
del p2[0]
del r[0]

return r

def Permutation_Left_Meet(self,pl,p2):

You must input "Permutation" into pl and p2.
i
if (self.Braid_As_PermutationQ(pl) == False) or\
(self.Braid_As_PermutationQ(p2) == False):
print "Permutation_Error"
sys.exit (0)
pl.insert(0,0)
p2.insert(0,0)
u = range(0,self.n+1)

v = range(0,self.n+1)

i=1

while i < len(u):
ulpifil] = 1
v[p2[il]l = i
i=1+1

self.c = range(0,self.n+1)



def

def

def

Meet_Sub(u,v,self.c,1,self.n,self.n)
del p1[0]

del p2[0]

del self.c[0]

return self.c

Permutation_Left_Join(self,pl,p2):

You must input "Permutation" into pl and p2.
i
if (self.Braid_As_PermutationQ(pl) == False) or\
(self.Braid_As_PermutationQ(p2) == False):
print "Permutation_Error"
sys.exit(0)
p =[]
p-append(self.Permutation_Inverse(pl))
p-append(self.Permutation_Inverse(p2))
join = self.Permutation_Right_Join(p[0],p[1])

return self.Permutation_Inverse(join)

Permutation_Right_Join(self,pl,p2):

You must input "Permutation" into pl and p2.
i
if (self.Braid_As_PermutationQ(pl) == False) or\
(self.Braid_As_PermutationQ(p2) == False):
print "Permutation_Error"
sys.exit (0)
p=10
p.append(Right_Complement (pl,self.n))
p-append (Right_Complement (p2,self.n))
join = self.Permutation_Right_Meet(p[0],p[1])

return Right_Complement (join,self.n)

Maximal_Head(self,pl,p2):

You must input "Permutation" into pl and p2.
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def
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if (self.Braid_As_PermutationQ(pl) == False) or\
(self.Braid_As_PermutationQ(p2) == False):

print "Permutation_Error"

sys.exit (0)

pl_inv = self.Permutation_Inverse(pl)

d = self.Omega()
c = self.Permutation_Product(d,pl_inv)
c = self.Permutation_Left_Meet(c,p2)

M_H = self.Permutation_Product(pl,c)

return M_H

Permutation_To_Left_Canonical_Form(self,inf,P):
win
You must input "Infimum" into inf and
"Permutation List" into P.
if len(P) <= O:
return [inf]+P
for i in P:
if self.Braid_As_PermutationQ(i) == False:
print "Permutation_Error"
sys.exit (0)
i=0
w =[]
while i < len(P):
a = self.Permutation_To_Word(P[i])
for j in a:
w.append (j)
i=1i+1
pr = Word_To_Permutation_Representation(w,self.n)
P_LCF = Permutation_Representation_To_Left_\
Canonical_Form(pr,self.n)
P_LCF[0] = P_LCF[0]+inf
return P_LCF

Permutation_To_Right_Canonical_Form(self,inf,P):

You must input "Infimum" into inf and



o4

"Permutation List" into P.
if len(P) <= O:
return [inf]+P
for i in P:
if self.Braid_As_PermutationQ(i) == False:
print "Permutation_Error"
sys.exit (0)
i=0
w =[]
while i < len(P):
a = self.Permutation_To_Word(P[i])
for j in a:
w.append(j)
i= i+l
P_RCF
i=0
while i < len(P_RCF)-1:
P_RCF[i] = self.Word_To_Permutation(P_RCF[i])
i= i+l
P_RCF[-1] = P_RCF[-1]+inf
return P_RCF

self .Word_To_Right_Canonical_Form(w)

def Permutation_Left_Canonical_Form_Product(self,LCF1,LCF2):
You must input Left Canonical Form
into LCF1 and LCF2.
(LCF = [inf,"Permutation List"])
if (len(LCF1) or len(LCF2)) == 1:
sys.exit (0)

p = LCF1[0]
q = LCF2[0]
inf = p+q

del LCF1[0]
del LCF2[0]
for i in LCF1:
if self.Braid_As_PermutationQ(i) == False:



def
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print "Permutation_Error"
sys.exit (0)
for i in LCF2:
if self.Braid_As_PermutationQ(i) == False:
print "Permutation_Error"
sys.exit (0)
LCF = []
for i in LCF1:
if 9% 2 ==
LCF.append(self .Half_Twist_Permutation(i))
else:
LCF.append (i)

LCF = LCF + LCF2
LCF = self.Permutation_To_Left_Canonical_Form(inf,LCF)
return LCF

Permutation_Left_Canonical_Form_Inverse(self,LCF):
win
You must input Left Canonical Form
into LCF. (LCF = [inf,"Permutation List"])
win
q = LCF[0]
1 = len(LCF)-1
inf = -(q+1)
del LCF[0]
for i in LCF:
if self.Braid_As_PermutationQ(i) == False:
print "Permutation_Error"
sys.exit (0)
B = 1]
for i in LCF:
B.append(self.Permutation_Product (\
self .Permutation_Inverse(i),self.Omega()))
B.reverse()
LCF = []
for i in B:
if —(q+l) % 2 ==
LCF.append(self.Half_Twist_Permutation(i))



else:
LCF . append (i)

1=1-1
LCF = [inf] + LCF
return LCF

def Permutation_Braid_Comparison(self,P1,P2):
You must input [Infimum, ["Permutation List"]]
into P1 and P2.
if (len(P1) < 2) or (len(P2) < 2):
sys.exit (0)
for i in P1[1]:
if self.Braid_As_PermutationQ(i)

False:
print "Permutation_Error"
sys.exit (0)
for i in P2[1]:
if self.Braid_As_PermutationQ(i) == False:
print "Permutation_Error"
sys.exit (0)
P1_inf = P1[0]
P2_inf = P2[0]
del P1[0]
del P2[0]
P1 = self.Permutation_To_Left_\
Canonical_Form(P1_inf,P1[0])
P2 = self.Permutation_To_Left_\
Canonical_Form(P2_inf ,P2[0])
if P1 == P2:

return True

else:

return False

def Permutation_Random_Braid(self):
i=0
I = self.Identity_Permutation()
while i < self.n:



j = random.randint(0,self.n-1)
Temp(I,i,j)
i=1i+1

return I

nnn

Braid Operations

nnn

def Infimum_Left_Canonical_Form(self,w):

You must input "Word" into w.

nnn

LCF = self.Word_To_Left_Canonical_Form(w)
return LCF[0]

def Canonical_Length_Left_Canonical_Form(self,w):

You must input "Word" into w.
LCF = self.Word_To_Left_Canonical_Form(w)
return len(LCF)-1

def Supremum_Left_Canonical_Form(self,w):

You must input "Word" into w.

nnn

LCF = self.Word_To_Left_Canonical_Form(w)
return (LCF[0]+len(LCF)-1)

def Infimum_Right_Canonical_Form(self,w):

You must input "Word" into w.

RCF = self.Word_To_Right_Canonical_Form(w)
return RCF[-1]

def Canonical_Length_Right_Canonical_Form(self,w):

o7



def

def

def
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You must input "Word" into w.
RCF = self.Word_To_Right_Canonical_Form(w)
return len(RCF)-1

Supremum_Right_Canonical_Form(self,w):

You must input "Word" into w.

nnn

RCF = self.Word_To_Right_Canonical_Form(w)
return (RCF[-1]+len(RCF)-1)

Cycling(self ,W_LCF):
o
You must input "Left Canonical Form(Word)"
into W_LCF.
o
if len(W_LCF) <= 1:
return W_LCF
inf = W_LCF[O0]
x1 = W_LCF[1]
del W_LCF[1]
cyc = W_LCF
if inf % 2 ==
x1 = self.Half_ Twist_Word(x1l)
cyc.append(x1)

return cyc

Decycling(self ,W_LCF):
You must input "Left Canonical Form(Word)"
into W_LCF.
if len(W_LCF) <= 1:
return W_LCF
inf = W_LCF[0]
x1 = W_LCF[-1]



del W_LCF[-1]
cyc = W_LCF
if inf % 2 == 1:
x1 = self.Half_Twist_Word(x1)
cyc.insert(1,x1)

return cyc

# The end of this Artin_Braid class.

HERHHHAFHHBHFHHASHH R H R AR F R H R AR F AR AR R R R3S

# #
# Following functions is subfunction for main program #
# #

HEHHRH B H AR RS H R R R R

def Temp(a,i,j):

temp = ali]
ali]l = alj]
aljl = temp

def Is_LeftElement_Big(p,i):
if p[i] > pl[i+1]:
return True
else:

return False

def Longest_Permutation_Braid_Word_From_Left(w,n):

b = Artin_Braid(n)
P = b.Identity_Permutation()
i=20
while i < len(w):
g = wlil]
if Is_LeftElement Big(P,g-1) == True:
w=1l
j=20

while j <= i-1:
W.append(w[j])
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j=3j+
return W
g = abs(g)
Temp(P,g-1,g)
i=i+1

return w

Word_To_Permutation_Representation(w,n):

b =
seq
W=
X =

i

Artin_Braid(n)
= [0]

(]

[]

len(w)-1

while i >= 0:

g = abs(wl[i])
if seq[0]%2 == 0:

g=8
else:

g = 1ng
if w[i] < O:

seq[0] = seq[0] - 1

pos = b.0Omega()

Temp (pos,g-1,g)

W = b.Permutation_To_Word (pos)+W
else:

W.insert(0,g)

i=1i-1

while W !'= []:

X=1
for i in W:
X.append (i)
pref = Longest_Permutation_Braid_\
Word_From_Left(X,n)

i=0

while i < len(pref):
del W[0]
i=i+1

seq.append (b.Word_To_Permutation(pref))



del X

return seq

def Permutation_Representation_To_Left_Canonical_\

Form(PR,n) :
b = Artin_Braid(n)
if len(PR) == 1:
return PR
inf = PR[0]
A=1]
I = b.Identity_Permutation()
D = b.Omega()
i=1

while i < len(PR):

i

A.append(PR[i])
i=1i+1
=0

while i < len(A):

i

if A[i] ==
del A[i]
i =i+t
=0

while i < len(A)-1:

ss = b.Starting_Set_Permutation(A[i+1])
if ss == []:
del A[i+1]
continue
fs = b.Finishing_Set_Permutation(A[i])
k=0
Complement (ss,fs)
if ss !'= []:
j = ss[0]
Temp(A[il,j-1,j)
Afi+1] =\
Multiply_From_LeftPriv(A[i+1],j-1,j,n)
if A[i+1] ==
del A[i+1]
if i > 0:
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i=i-1
else:
i=1i+1
while (len(A) > 0) and (A[0] == D):
inf = inf+1
del A[O]
A.insert(0,inf)

return A

def Meet_Sub(a,b,c,s,t,n):
u = (n+1)=*[0]

v = (n+1)*[0]

w = (n+1)*[0]

if t <= s:
return

m = (s+t)/2

Meet_Sub(a,b,c,s,m,n)
Meet_Sub(a,b,c,m+1,t,n)

ulm] = alcm]l]
v[m] = blc[m]]
if s < m:

i =m-1

while i >= s:

uli] = min(alc[il],uli+1])
v[i] = min(b[c[i]],v[i+1])
i=i-1

ulm+1] = alc[m+1]]
vim+1] = blclm+1]]

if t > m+1:
i = m+2
while i <= t:
uli] = max(alc[il],uli-11)
v[i] = max(blc[il],v[i-1]1)
i=i+1
1l=s=s
r = mt+l
i=-=s

while i <= t:



def

def

def

if ((1 > m) or ((r <= t) and \
(u[1] > ulr]l) and (v[1] > v[r]))):
wlil = cl[r]
r =r+l
else:
wlil = c[1]
1 =1+1
i=i+1
i==s
while 1 <= t:
cl[il = wlil

i=1i+1

Complement (SS,FS):
for i in FS:
k=0
while (len(SS) > 0) and (k < len(SS)):
if SS[k] == i:

del SS[k]
k = k+1
if 88 == []:
break

Multiply_From_LeftPriv(p,i,j,n):
b = Artin_Braid(n)

p = b.Permutation_Inverse(p)
Temp(p,i,j)

p = b.Permutation_Inverse(p)

return p

Right_Complement (p,n):
b = Artin_Braid(n)
o = b.0Omega()

return b.Permutation_Product(o,p)
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Mathematica Program

O0000000000000000000000 Lukkarilad Math-
ematicalO0O0OO0O0OOO

LKRAttack[u_, v_, w_, index_, n_] :=
Module[{a, A, alist, ans, i, j, ki, KI, m, q, U, VV, W},
If[n/2 + index 0 n || index O 0, Return[False]];

q = 1/2;
m=n(n - 1)/2;
U = Krammer[u, n, t, ql;

VV = Krammer([v, n, t, ql;
A = Normal [SparseArray[{m, m} -> 0]];
alist = Normal [SparseArray [{m*m} -> 0]];
For[i=1; k=1, i 0 m, 1 += 1,
For[j =1, j O m, j +=1; k += 1, A[[i, j1I =
StringExpression[a, ToString[i], ToStringl[jl];
alist[[k]] = A[[i, j1111;
i = n/2 + index;
ki = {i};
KI = Krammer[ki, n, t, ql;
(xSolve VA = AU, AK’(0 i) = K’ (0 i)Ax*)
ans = Solve[{A.U == VV.A, A.KI == KI.A}, alist];
Al = A /. ans[[1]1];
W = Krammer[w, n, t, ql;
A2 = Simplify[Al1.W.Inverse[A1]];
A2 = InvertKrammer[A2, t, ql;
Return[A2];];
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