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On the Number of Pellian Representations of Natural Number N
OSAMU MATSUSHITA
=421

AOVERB L EWAET Pagr = 2Pn+ Pact £ P =0,P = LI K> TERINBHIITH D, &)b#&ﬁd@nfglﬁé
AV E L, EROEOEE N Z-OVROME LT, ROLSKERTIEHNTES, TRDE. N=3 aP;
T a0 < ar <2 BB TEECH . TDESIE N EVMOMTET T LE, N O~LEREL
V. N O~VEROEEE R(N) &5 <o R(N) KDOWTDOROUEERT I LBEAREDEHNTH %,

W)N=P+Po+--+P, < R(N)=1

P ,
2)0<M< [_P;—l] = R(Py+-+Pa+ M)=R(Py+ -+ Py — M)

n+2
2

3)R(P,,):[ ] (n=0,1,2,---)

Abstract

Pell sequence is defined by the second order linear recurrence relation P41 = 2P, + P, with Pp =1, P =1
and its terms are called Pell numbers. It is well known that any positve integer N can be represented by the sum
n
of Pell numbers as follows:N = Z a; P; where 0 < a; < 2.Such representation is called Pellian representation
i=1

of N.
We denote the npmber of Pellian representations of N by R(N).In this paper we shall show the following

properties of R(N).

1)N'—2P1+P2+"'+Pn<$R(N):1

P,
2)0_<_M< [——;—1] ﬁR(Pl+"'+Pn+M):R(P1+"‘+Pn+1—M)

[n+2

5 ] (n=0,1,2,---)
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1 RILBEEYT O RKILTOER

ROFEX CERINIEET {F.} 27 4 RF v FEFIL WS,
Fopn=Fo+ Foy, Fp=0, F1 =1
ThbbH, 0,1,1,2,3,5,8,13,21,34,55,- -

ZFLTC. ZD7ARFTFBOICH S DN IBET A RFvFREFATND. 7 4R v FEBXEIZEE
T2Oi, &2 DEDHEE 1202 F (ATHIL 1228 %) TH B, Miber Abaciy L5 ZORIZHVT Mrabbit
problem %8BT 4 KF v FHHBNI:. FEHELIH Fibonacei T HD5, & DHidd 1% Bonaccio
DEFLESHHRT, K%M Leonardo Th 2o I ORI Mt BFEMBORHE V) TH ok,

L, ZoBIEE K OMFEDHENGLINT, BRERBOAXPHEEBRREINIZ LITRSE, &
DRADETG RV, T HERERC L 2EGIDECEHDELVWVHEE S > TSI LIFMEICHET 2 Lt
CRBEzBEWCESbh 3, '

T, HLOEHOPITLLEF LWERE LTROE YTV FVT7 DEEDH %,

FH 1.1 (Zeckendorf) DG (ERDEDEE N ZRO LS IC—@EDICKET D,

N = EQ,F, fﬂb\m = O,Qi =0 it’.‘i 1(1# 1), Q4 = 0

i=1

ZOFEBRIZ. FROEBREIE. #E LRWHRREZ 7 4 NP FBOME LT—BNICHODLT I LHTES
TEEERLTVSH, TEFE LRV EWIRFRZETIRLIE TOXRLAE—RICE—BNTIERV, N
k7 4 RF v FBORMTETILE N O 7 4 ) v F£IHE (Fibonacci representation of N) &5, Lizhio
T N DT 4 HF v F EBE—RIC HEEIESH 5 2 Ll B N D7 4 HF v FEROBEE Re(N) 12 & >
RETZ LT D0 Rp(N) DHBEIZDWTIEE K OIE D:6G)L060.(N).6) hsipxhiz, =E L. 748+ v F#Ik
Fi=F=1Els, &BAEEX2LEZ, L RAVWRNI LT 2,

T, ZOEY T Y RV DEBDO—MRILIE S DMENH 2D, ZO—DEBNT 2 E=DITETRIVEBOE
HBEEBRES,
EHEL2WILR Py =2P,+ Py, Po=0, P =1 2W=385 {P.} 2RVEFIE W0, BHIZH 5D
N 3%~V (Pell number) ¥ 113,

Thbb, 0,1,2,5,12,29,70, 169,408,985, 2378,5741, 13860, - -

ZORNVEERAWT, FROEAREDPME LTRT LD TEDZDED, 74 FvFHOL LBV, MI2HE
FRE B IVEBIE2EETCEFTo £ LRVWEEROBRBERT LD TERN, THIT, FORUAIE—MIC
HEEH 20, E—BODRULF LTI REEFITILEDH D, UELOBEREFLHEZON. RoEH
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BB
EIE 1.3 00 ERDEDEK N ZRD LS ICHE—EDICEEIN D,

N = ia;Pi BL.oiHABC. 0< ; <2BMWELDPD a; =208 & 021 =0

. R LEL S K LogmT, BLEEOBAORNEETT L N OR LR HEES . &
B, BREEARUVBIZ L T, £3Z & 2-V%KIH (Pellian representation of N) &5,

22T N O~VEBROREEE Rp(N) Ik >T. RET LI LE S, ABEDOHNE Rp(N) DHEEE~

2Tt THB

2 Rp(N)OHE

RN ERHED» SO L S,
iR 2.1 ROFADHILT 2o

2APi+Py+- -+ P)=Pap1 + P -1

R CARICREN D,
ZOMBOEREUEDOEMORNP T, KEAATH 5.
BIETCR L Rp(N) OIETH B, ThEEW~SHEMRTRL LT, 851 {Rr(n)} OB
flo) = JJ(1+2T) 2B~2HEDD 30
k=2

AL EE T+ +227%) DHEI (Rp(n)} ORBBTH 2. DEOBIERL LT, FLHTH.
k=

1
EFH 2.2 9(z),gn(z) BROARIC L >TERT 5,

0o .

g(x).: H(1+ka +x2Pk)

k=1
n

gn(z) = JT(1 + 2P + 22P)
88 2.3 RORDID 1,
o) =3 Re(n)a”
BIF. Rp(N)® P £ LT, R(N) £ 8L 2 XizT 5.
E5 2.4 R, (N) %, fI(l-{-zP" + 22Pe) = :V: Ru(m)z™ &2l THARE T2, 127U, Ly =P+ P, —1
Ra(N) i R(N) @ TEBL T 355 ERF k. ROGEDRLT 2.
@ 2.5 OFD (1),(2) PHRIALT 3o
(1) 1<k < Poyr — 1= Ru(k) = Ruyi(k)
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(2) 1 <k < Puyy— 1= Rn(k) = R(k)
AERF) (1) & (1+ P 4 J:ZP"“)gn(.r) = gnt1(z) BB LEDD,
()& Pay1 ~ 1< Papa—1 & (1) 5T %0

COREBERWDE, R(N) D% OO OMEDIABE SN I, KRETIIROMNFMELE T 2BITFTHEL,
A 2.6 (R, OHFE) Ra(k) = Rn(Ln — k)
AEEA)

gn(z)

L.
Z R,(m)z™
m=1

= H(l+zpk+l'2pk)
k=1

n 2P, P,
3 S ORO
k=1 z z
2P +42Py+---42P, al 1 2P 1 P
= - () +(3) +

k=1

I
&
bq
3
‘Q
3
N
8|~
N

z
[N
L, L, 1 m
Rp(m)e™ = zk= R, (m (—)
= =
Ln L,
Ro(m)z™ = Y Rn(m)zlr—m
m=1 m=1
ZNJZ D\ Rn(k) = Rn(Ln - k) gﬂiﬂgﬁfg

HEUERRER2ERE T2, RIN) =112 N AN =1,3,8,20,49,119,288,696,--- L72>5TW3, Zhb
DEFRD L ST 2,

3 = P+P
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8 = Pi+P,+ P
20 = P+ P+ P34+ Py
49 = P+ P+ P3+Py+Ps
119 = Pi+P,+P3s+Py+Ps+Fs
988 = P,+Pp+Ps+Py+Ps+Ps+ P

696 = Pi+Py+Ps+Ps+Ps+Ps+ Pr+ Ps

UEDoT. N=P+Py+-+Pya=> R(N) = 1 BB D IO L DBFREEND, Hik, OB LD,
EFE2TN=Pi+Po+---+ P, < R(N)=1
EERH) =— LR

n IZBY 2 BMFEHRIRHRE TR T
n=1Dr EFALD. P4+ Po+ -+ Py DEZFERIADERELT. N=Pi+ P+ + B IZBVWTH
BDZ L ERT,
FT, Po < N<2P, THDIILIERLL D BERS, P, < NEBHSDEL, N < 2P, BIRDOKSIZLT
fEDo
2156 PP+ P+ -+ Py =
Poo1 < P, DB,

P,_1+P, -1
2

Pi+ Pyt ot Pooy <
<

< Pn_

Li=hioT.

1
PA+Py+ - +P 1+ P < 2Pn_§'

N < 2P,

WIZ. P, < N <2P, THBIIEPRENT,

B, BE 2125, APi+ Pot ot Pat) = Pacs+ Po— 1< N EDD. N OBBEICELT Py BEEH
TWde LBBIT, BRICARULELDIZ, N<2P, 25, PRS2 EETERVWDT, ME—DF 5, Lo
T NORBRIE. N-P, =N, &BLE N ORBERDSZZLITTET %, BRIEDRED,IS. R(N) =1
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Eho, N ORBIME—DTH 5,

< DiEHA

Py < N < Py DBEEZDIEHT TAHT %0 n BT 2RNREIC K> TRT,

n=1Dr&E, 1< N<2EMPS, N=1&2T. N=P LED>T, BiLo n— L ATOE ERILDERFE
LT, n DPBICWRILDOIEZTRT o

ROZDDHEITHT %o

(1) P,<N<2P, DL &

0K N—P, <P, LR2BDT. BIEDIRE»PS. N~Po =P+ -+ Py (m<n) %%, R(N)=1EP
E.m=n—-1., RERSL, m<n-2&T3¢; NORD2EDEREL LT,

N

P+ +Ppn+P,

Pi+- -+ Pa+ Poa+2P

DEETIILERDFELRRD,

LiED>TC. N=P+---+ P,

(2) 2P, < N < Poy1 DL E

0<N—2P, < Ppoy1=2P, =Py L72DDT, REDRENS.

N=Pi+Po+ +Pp+2P, (m<n—-2)PHEiIDe m<n-3,T2L. NORRVZDOH/LNZDT,
m<n—3FRIDFRN.

m=n-2¢LLI. TOLEH. NOXRHEL LT,

N = P+ +Py+2P,

= Pl+"‘+2Pn—2+2Pn-—l+Pn

2%, LED>T. R(N)=1IFF. I, (2) DHBEREEIDFT. LoT.
N=P + -+ P, DEEHET 7=, FEER#K
T ZOEBENPS, RPL+-+P)=1THb. RICRN)D1L22DIE N=P+ -+ P+ Payy
DEETHBILDNND, TOMD R(N) DR EAZ L. MEMENATEN S,
piziE. R(3)=1,R(4) =2,R5)=2R(6)=2,R(7)=2,R(8)=1TH3., ZEL. COHEL 1 OBICHRE
BEDTRT2IIR5>TVBDTHIMEFERZICC V. LML, ROFITIEHIMEDIZ-E D ERL %,
R(8) = 1,R(9) = 2, R(10) = 2, R(11) = 2, R(12) = 3,R(13) =2
R(14) = 4
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R(15) = 2, R(16) = 3, R(17) = 2, R(18) = 2, R(19) = 2, R(20) = 1
DFED. RB) =125 UEST. JHR222232LHETUN = 14DEEIC4LR>T, HIDELTY &
FELiERMICES. Thbb, 23,222,R(20)=1LR2DTH %,
COREETBT LD, ROEFETH 5,
ETE 2.8
0<M< [P";l] = R(P+ - +Po+M)=R(Pi+ -+ Poys — M)

n+1
BEBA) Prt o+ Pt M DEROERE S aiP (0<as <2) T 50 1L, ERT<ER,

i=1

Unyq S 1 ( ﬁgi 21)

—‘ﬁ\
2Pi++ P+ Py = (P4 4+ P+ M)+ (Pi4+-+ Po4 Pop1 — M)
n+1
2Pi+ 4+ P+ Py = ZaiP,-+(P1+...+Pn+P,,+1—M)
i=1 ’
LN

P1+"‘+Pn+Pn+1—~M:(2—01)})1+"'+(2"-O'n)Pn+(.l—0n+1)Pn+1
n+t1
BT Pit o Pat M OEROER Y iR ITHUT, Prt -+ Po+ Poy1 — M OB
i=]
(2= 01)Pr+ 4 (2= an)Pat (1 = Any1) Poyt ZRIBESRZEBRES LT IL. HOEDLICHETH S,
- n+1

WIS, Prt -+ Pot Pogr — M OEBRORE D AP (0< 8 <2,8L, 0< g1 <1) KHLT,
(@ PP+ 4 (2= ) Pa + (1 = Pug1) Py BB CBERE Y LT BL, SLU BREVEHERTHS
DT, THZNWEERTH 2. LiEDoT, P+ +Po+ M OEBHOEEE Po+ -+ Poyy — M DOEEE
E—8T %, GEHI

FREDREB L LT, ROEERIFHL LS,

n+2
2

% 2.9 R(P,) = [ ] (n=0,1,2,---) BHIID. EL. R(0) =1L 5,

iEH) SETEIRET A L.

NPT (2= FRR I (£

R(P;) = [T} =2, R(Ps)= [—2—] =2
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FThENDRILTZLEBESHTDb» %,
WIZ, Py DEBEEZEITHE Do Pogr BRI K DZRBED—DH %0 TRDB. Poyo = Paya THIT, Pryo =
2Pps1 + Po. CORBTIE. Popr Z2HE TN 2, LHIBIC, ELTH, M 2.1 LD,

2Pr+- 4 P)+Papi = PatFPapn—1+ P
= Poya-—1
= 2P+ Pl
< Puyo

Liab, Py & LEFFHES BRIXFEAE LRV, WA, Py DRBUE, Poyo =FPayr & Pry2=2P 11+ P,

DZDLRDEED D B, Py DEBROEB > i KHUTL Papr=2Pap1 + ) i P & Payr DRBUCR

i=1 : i=1

%o, {HL, P, DEBOBPIZ P, = Py BDEENTVWBD T, Py OREOEERZ 2L 0, 1 251DAIX

RE5IRN, _
LEMoT. R(Paga) =2+ (R(Pn) — 1) = R(Po) + 1 DALY %0
:n& b\
2 2
R(Py) =14 R(Pyn-1)) =n+ R(P)=n+1= [ n2+ ]
2 1)+ 2
R(Pyns1) =1+ R(Pan-1) =n+ R(P)=n+1= [(—n——tz—)L]

21T, R(P.) = [";2] PEEIE =0 FEBEAR
EE W
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