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Some Fibonacci & Lucas identities via the Chebyshev polynomials

Shigeru NAKAMURA

Abstract

There exists a deep relationship between the Chebyshev polynomials and the Fibonacci & Lucas numbers.

In this short note, I will show some new Fibonacci & Lucas identities via the Chebyshev polynomials.

1. Introduction

It is well-known that there are close relationships between the Chebyshev polynomials and the Fibonacci
& Lucas numbers. In an earlier paper [6] , written in Japanese, I revealed some of these relations, and got
some Fibonacci & Lucas identities.

In this note, I will first summarize some of main results of my Japanese paper, and then I will show further
Fibonacci & Lucas identities via the Chebyshev polynomials.

Definition The Chebyshev polynomials of the 1st & 2nd kinds are defined respectively by

T.(x) =cosn 8, Uy(x)=sin{n+1)8 /sin b,
where x=cos 0. Note that once we get polynomial expressions of these functions, x varies in C, the field of
all the complex numbers,

In the following, I will use mostly the “modified” Chebyshev polynomials of the 1st & 2nd kinds:

ta(x) =2T, (x/2), u,(x) =U,(x/2),
which are monic polynomials of degree n (n > 0).
Note that these polynomials are the same as the “Vieta polynomials” (cf. N. Robbins[8]).
The following recurrent relations provide the easiest way to calculate these polynomials:
toro(X)=Xt,, ,(x) —t, (x); t, ®) =2, t,(x)=x. e (A1)
Unso(X)=XUps; (0) —un 1) v, &) =1, u,®=x. e (A2)

Here, (A1) corresponds to (1) in [6] . Similarly, the Theorem Al & Proposition Al correspond to the

Theorem 1 & Proposition 1 in 6], respectively, and so on.

From the definition, the Chebyshev polynomials can be expressed by

+yv x2—4 —y x2—4
Lo =)+ = g—) e (a3)
+y x*—4 —y x*—4
un(x):{(LE)S_)n*rl_(x—Zx_)“*'ll//_xz—li ...... (A4)
Two kinds of these polynomials are related each other by the following equations:
tn(x)=un(x) —‘un—z(x), ...... (A’])
W —Du, () =t 0 -t&, e (A8)

which are readily obtained from trigonometric identities:
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and

sin(n+1)8 —sin(n—1)8 =2sinf - cosnb,
cos(n+2)8 —cosnfd =—2sin 8 - sin(n+1)8.

From these identities and some trigonometric identities, we can easily get the following Propositions:

Proposion Al

(a) étz,ﬂ(x):u“-l(n,
®) 3 t(x) =up,(x) =1,

k=1

© S ) =) u,, (o) -
(d) (x2_4)k=21142,,_1 (x) =tru+1 (x) )
(e) (x2—4)k=éluz,,(x)=t2n+2(x)—x2+2,

O (=) S, () =t () b0, ) =2 =5 42,

@) 3 (), ()= S )T
) é(—l)"‘ltz,,(x)= (’1)”“t;m(x)+x,

©) 20700 = (D7 ) —way () 41

(d) ;E( D, (1) = (="~ 11:“(15)-*-1,

@) 3 (=1 () = S R () Er

(1) 3 (=D sl = (D s (0) =t () =5 +2.

Proposition A2

@ toG)—G*—Du, () =4,

)  tpuer ) =t,(x) o (x) =1,

(© t,(x)=t,(x)2—2,

) sy G) =t () u,_, (&),

@ us(x)=t,(x)u,(x)—1,

0 o) e, () =, () =t,(x)*—4,

@ wonul)u, (2)—u,x)=—u,_ (x)

Derivatives of the Chebyshev polynomials are as follows:

Then the following Proposition is an easy consequence of the Proposition Al.

', (x) =nu,_,(x),

(x* =)' (x) =+ 1)t (x)—xua(x).

......
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Proposition A4

(a) Ektz,, y(x) =nu,, o, (2) — t—ZL(_xi—_f
X
(b) »é kt,,(x)=nu,,(x)—u,_,(x)?
© Z B (x) = t,,H(x)—in—-;l)t,,(x)-i-Zy
@ =) S, ()= B )zl

(&) (s2—4) é‘, Bu () =m0, (x) —@un+Du,,(x)+1,

0 (G —4) S o) = (6+2) b,y )= Gn o+ Dy (o) 14,

(a) k;El‘ ('—l)h_lktzk—l(x)= e

(=) (nat,,,, (x) +1,,(x))+2
x? ’

() z (—1)* ke, () =

(=D (uat, (x)+t,,_,(x)) +x

@) 3 (0 k() = (=1 (o) —w,, () + AL
(d) 2( Dy, () = 2 <nxuz,;<;>+uz,_l(x>),x
© (-0 =T e O b ) £
©) 3 (1) (o) = T, () + (n + D ()] 1

x+2

-
il

Now, cos nf is zero at n8 = (2k—1)7/2, § =(2k—1)7/2n, or cos 8 =cos {(2k—1)7/(2n)}

It readily turns to a Chebyshev relation:

tn(X) =0 & x=2cos 2k—1 T, (k:l' 2, “oe, I]).

2n

, k=1, 2,3,

Since cos x is decreasing in [0,7|, all of these values are different. So we can factorize t.(x), as follows:

2k— 1
T,
2n

t,(x)= IiI (x—2 cos

After some routine transformations, we have the following Proposition:

Proposition AS

[n/2]
(a) tn(X) =x"-ns2 . H (x ~2c052k 1 71'—2)'
(n—-13)/2)
1) oy () =y t-2e-nrn T YT <x2—zcos2;k”—z>.
k=1 .

2. Some of main results of our earlier paper

It is well-known that the Fibonacci & Lucas numbers can be expressed by the forms

F,=(a"~=p")/y5,
and L,=a+ 8",

......
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where o =(1+V5)/2, g =(1—5)/2. Then we can get easily the following identities:

an=Ln+‘/§Fn’ ﬁ,,:Ln‘“/an ,,,,,, (A22)
2 2
and then
_1 (L+¥BF e Lo=BFavey
F.,,,,—EK 7 )t (P (A15)
Lmn=(lﬁﬂg&)m+(£%—5_ﬂ)m ...... (A16)

2

All of these formulae are well-known (cf. Kelisky[5] and Castellanos|3]). Comparing these identities with (A3)
& (A4), we can conclude that
J5F, or iL, (nmodd),
if S x= (where i=y/-1)
iyBF, or L, (n:even),
then the Chebyshev polynomials express (simple ratios of) the Fibonacci & Lucas numbers. All but 2 cases

are got by Castellanos[3]. He missed (d) and (j) of the following Theorem.

Theorem Al For any non-negative integer m and #, the following equalities hold:
(@ t4,-1 (/BF 2 1) =VBF guyn-ns
(b)  ty- GYBF ;) =i/5(—1)""Fppu-n.
() t,,BF 4 1) =L gu-p.sr
(d) t,,(iV5F,,)=(=D"L,,.,
(e t,(L,)=L,.,
® 6L o) =i"L ey
(@ w5, WBF 40 ) =VBF 3p_iy.20/Lsners
() w,,(iBF,,)=iB(=1)""'F,/L,,,
(i) 5. (BF 1) =L an-1)zusn/L 21+
() w0 GVBF ) = (=D)L spiene 1y /L 2
k) u,,(L,,)=F;n/F,.
W %,y GL o) ="' F 1)/ F ey

Note that (¢) & (f) are found in Kelisky[5). For example, let m=0 in (f) & (1), then we have
ta( =i"La, v, @) =i"""-F.. e (A23)
Let m=0 in(f) & (k), then we have
ta (3) =Lyn, ua-y (3) =F,..
(Bernstein [2] called the latter identity “new formula” . Cf. Rivlin[7), 1. 5. 57(d). ) And so on.

Combining this theorem with the former Propositions, we can readily get the following Theorems:

Theorem A2 For any positive integers m and #n, we have

"
Fo.. FTF 1) F 2-
(a) ZF(zm—l).-_- @m-1}nt1) i (2m-1)n 2m l,
k= 2m—1

(b) épzﬂ*__LZm(n+l)+L2m_L2mmz
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(C) éL(Zm_l)*=L_(2_""—‘l("+1)+L(2m—1)n_L 2,,,_2

k=1 LZm i
S — FoiinTF2m—Fon
@ ZL.. P '
(a’) i ( )k ]F(z‘” l)b ( 1)”_ (F(m ”(”2!) F(Zm—l)n) +F 2m—1 )
. 2m -1
i n—1 +
®) 3 (-1)"F,,= (=D)" " (Lpeny=Lop) +L,n— 2’
k=1 5F,.
@) 3 (=1* 'Lgme = D" L ey ™ L pmony) TLpuos 2'
. Ly
ks 1 (F +F
(d') ( )" ’LZM ( ) ( 2mint1) 2,,,,) 2n
. Fi

Note that (a) & (b) are found in Castellanos[3].

Theorem A4
(a) kzlsz,l nF,, —F,,_,+1,
(b) 21 kF,,=nF,,., —F,,,
(e) ké F,=n—-1)F,,, —F,,,+2,
(d) élkLz,_l #L,, —L,,_,—1,
(e) ék w=nLprsr =L, 42,
(0 ZM=0=D L, —L,+4,

S

(=D nF, .+ @n+1)F,,_ ,l+1

@) Z (=1 rF,, =

v=1 5
() k:]( 1)1 gy, = 2D 1{(2"4%) pei = Franil
(©) 3 (=) kE=(=1"" | +DF,_, —F} +2,
(@) 2( Drp,, =D 1(5nF;n+L2., )=l
@) é( 1yrrpr,, = 2D I(SnFsz,,+1+L2,')+2
() S (D", = (=" {(n+2)L,_, —L} —4.

=
I
-

Note that some of these identities are the same as Fibonacci-Lucas identities obtained by G. Wulczyn{10}(in
slightly different forms).

As a bonus, we can get nice formulae expressing the Fibonacci & Lucas numbers:

Theorem A5 a1
[Tl Zk
(@) F,=II (3+2cos=—
71 _
® L=11 (3+2cos~(2—k—”l)—"),
e=1
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n—1
n— 1 I !

2k

(¢) F,=F, -L»'"27 H (L, +2(—1)"" 1cos~—)
k=1
’ w13 —p
@ Lo=Lo 1T <L2,+z<—1>m-lcos("+)>.
E=1

Note that (a) is solved repeatedly. See Bedrosian [1] and solution of advanced problem (H-93) in the
Fibonacei Quarterly (cf. (H-111) and (H-466), see also (H-64)).

3. Further resuits of similar type

We know that a trigonometric identity leads a Chebyshev identity, and then it leads a number of the Fibonacci

& Lucas identities.
For example, a simple trigonometric identity
sin(2n+1)8 —sin # =2sinnf * cos(n+1)8
turns to a Chebyshev identity
Uz () —1=u,_, (W) tar, (%)
and then, it turns (by letting x=L,) to a FibonacciLucas identity:
Fomeosn) " F2n=Fome * Lomesn- e )
Similarly, starting from a trigonometric identity
sin(n+k) 6 + cos m@ —sin nd -+ cos(m+k) # =sin k8 - cos(n—m) 8
we get in turn
Unsem1 (Ot (&) = U oy K tas (1) =u,-; @) ta_n ()
and  FoLla—Fulpn=(D"FLlia. e @

This is a generalization of (I28) of Hoggatt[4]. In this fashion, we can get the following:

Theorem 1
o 2“: . { so-nse L (n:0dd)
a —
= k 2k 5n/2 . Fn, (n:eVEH)
( ) é ) { 5(n+1)/2 ’Fn, (n:odd)
b L
= 2k 5n/2 . Ln' (n;eyen)
(c) g ( 3" * Fya,
@ 3 (ILa=3 L.,
(e) é (n)F _ { 5(n—1)/2 . F2m+;- L(zm+1)n: (I]:Odd)
~ \k (4m+2)k 582 . F2m+; F(2m+1)n, (n:even)
n 5(n+1)/2 * F2m+l1] F(2m+1)n’ (n:Odd)
(f) g ( )L(4m+2)k 5n/2 . F n L (ﬂ'even)
2m+ 1 (2m+1)n>» ’
(g) kE (;)F4mk=Lz; * Foma,
=0
(h) 2 ( )L4mk Lz:m *Lymn.

=
ll
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(proof) From Euler’'s formula, it's easy to get a trigonometric identity

(I1+cos 6 +isin)"=(1+e')"=3, (})e'*
k=0

=3 (Jeos k@ +i2 ()sinkd e (3)
k=0 k=0
which, in turn, leads a Chebyshev identity:
(x+2+y x*—4)°
=23 (D, W T4 Qu, L e @
k=0 k=0

Let x=3 in (4), and we have
27 (S (DLa+B 3, (DF.) = 6+/5)"
that is
kéo(:)L2k+‘/5_k§:‘,o(;)F2k=2/_““"=\/§“ (L.+V5F.).

Thus we get (a) & (b). Similarly, let x=7(&L,.), and we have (¢) & (d) (and (&), (), (g & (h), res-
pectively).

Note that (a) & (b) are (69) & (70) of Vajda[9], (appendix;list of formulae). In the sequel, we shall write
(V69) & (V70). O

Starting from identities
(—=1+cosf +i sinf) "=(—1+e' %"

=2 (=17 (eos k0 +i§ (—1)"*(})sin k 0 e ®)
and

(x—2+y x"—4)"
=gn-1 {,éo (—1)"-k (;)tk (x) +mk§::0 (—1)k (f;)uk_l & e (6)

we get the following:

Theorem 2
@ 3D QF,=(DF,,
® 3D OLa=(=D"L,,

© £e0@r.-] 590, (modd)
C —— —
k=0 koo —5"2F, ., (n:even)
n s+nszR (n:0dd)
—1)k-1 (M =
@ Eo( DL { —5"2L,., (n:even)
(e) 2 (—'l)k-l (:)F(tm+2)k=(—1)n—an2m+lF(2m+l)ns

=
)
<
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5(“—1)/2 -F :mLzmn
_5ﬂ/2 . F :szmn ,
(f) kgo(—-l)k_‘(:)L(4m+z)k=(—1)n-lL ::m+1L(2m+])n’
5+1/2 L R :man

—go/2 . "
5 Fonlema,

© 30" OF |
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Note that (a) & (b) are (V71) &(V72).

(n:0dd)

(n:even)

(n:odd)

(n:even)

Combining Euler’s formula and the sum formula of a geometric series, we have, for any real number p,

>, pcos k@ +i 3 p*sin k6 =3, (pei’)*
k=0 k=0 k=0

_Dp""leos(n+1) 8 +i sin(n+1) -1
plcos @ +i sind)—1

. Zpktk(x) +v x2—42pkuk—1(x)
k=0 k=0

P e () X -, ()] —4
px—2+p/ x?—4

Thus we get the following Theorems.

Theorem 3

(a) éka =p”+1(1;‘"+l+p}7‘") _p
k=0

pPrr—1
" w1 _
(b) Eopbl”zp (Lnj;zlippﬁ);p 2.
" ”+1 _ _
() éOP‘LzF 2 {p —zzzL_z'é;Lﬁ_l} —3p +2’

(proof) Let x=y5 and 3 in (8), then the Theorem follows immediately.
Note that (a) is obtained by C. Podilla as a solution to the problem B98.

Next, we shall extend, only a little bit, the Theorem A4.

Theorem 4

For all positive integers m and n,

n

3 2"2 —_pn2 -
(a) Fzmk=1 Lzm(2k+1)—n FszAm(n+1) 2nF2mL2m(zn+1)+L2mF2anzm(n+1)

(b) 5 szi 2 k2L4mk= (5n2F22m+2)FZm(2n+1)_(2n+1)F2mL¢mn,
k=1

(C) Lz:: 2 (—"1) k_lkszm(z k+1>= (_1) "t {n(n+l)L2;L4m(n+1)_SnF2mL2mF4m(“+l)

k=1

_5Fsz2m(z n+ 1)! —SFZZm

(d) inzl(—l)k“k2L4mk=(—l)“‘1{5(2n+l)Fsz,,m,,—n(anzm-!-zi)Lzm,,H,I

......
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(proof) These are readily obtained by the Chebyshev identities:

K S (=D (0= (<Dt ()2 (0 = S GOE -1 e ©)
x? Ei: (=D k2, x)=(—D"""{0*x*=2)t,0,, X+ Cn+Dxt,, x)}] e (10)
(x2—4) é k2u,, (X) =nln+Dt,0,, %) —nxu,,, &) +x(t,,,, &) —x)/&*—4) e (11)
(x2—4) ékzt“ (x)=Cn+Dxu,,_, & +nlox’—4—4n)u,,(x) e (12)
We only have to apply (d) & (j) of Theorem Al. O
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