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Definition

Let (M, g) be an oriented closed Riemannian manifold.

(w,n):/ wANxn forw,ne QP (: p-forms)
M

d* is the formal adjoint of d defined by
(dw,n) = (w,d™n).

Then the Laplacian A is defined by

A=d'd: C®M) =" %ot L o).
(A = (d+d)(d+d*) =d*d+dd* : QP — QP)

(2]



Definition

A is called a spectrum of (M, g) iff
Af £0e€ C(M), Af = )\f.

Spectra are real non-negative discrete numbers.

Example Spectra of (S™,gg) are

M =4tn+¢—1)(>0) and

my = multiplicity of A,
(n+ ¢ —2)!

= A —1) (n+20—1)

[3]



(Sketch of the proof)
Let AT A be the Laplacian of (R”+1, go> , (S™, go) respectively.

P, = {homogeneous polynomials on R of degree E}
D Hy={feP|A"f=0},

PP ={flsn € C=(S™)| f € P}
D Hy ={flsn € C(S™)| f € Hy} .

Then direct calculation shows that A®° f = X\, f for f € HY
(dimHes = mg> and (f,g) =0if ASf = \f, AN%g = pug (A # p).
Here V = @p>0H @9 coincides with @ezoPgS and V is shown to
be dense in C'°°(S™) by using a theorem of Stone-Weierstrass.

Hence any eigenfunction of A® is contained in V.

(4]



Stationary state of the electron in a hydrogen

(t,r,0,0) = e B p(r 0, ¢) = |]® = |o(r, 0, d)|?

w = p(r,0,¢) is a solution of the Schrodinger equation

{ﬁ—2AR—|—V(r)}<p=Egp @

2m

where V(r)= ~ £ is the Coulomb potential.
r

[5]



Set ¢(r,0,¢) = R(r)Y (0, ¢) . Then

D — « F 2 <d2R(r) N 2 dR(r) —LR(T)>

2m dr? r dr r2

+V(r)R(r) — ER(r)=0 ---Q

\

2 2
here AS:_<8 cosf 0O 1 0 >

062 + sinf 06 i sin? 6 O¢?
is the Laplacian for (52, go) .
Then R(r) must satisfy the following condition:

/ V(r)|¢|2<oo<:>/OOTR(T)2dr<OO...@
R3 0

[6]



@ => A=XN=L0(+1) (LeNU{0}) ---©®
(multiplicity of A\p = 2¢ 4+ 1)

3 0.6 R(r) = Crte " x poly(r)
) ) —> m52 1
EZEg=—2ﬁ2 o (n2€—|—1)

The difference F,, — Fjp1q of the energy leads to
the spectra in the sunlight.
For example, the difference E,, — E» (n > 3) leads

to the Balmer series in the visible rays of the sun.

(7]



Notice If the solution R(r) for a spectrum

A of (5%, gp) is smooth at » = 0, then A is equal to
¢(¢ + 1) for some nonnegative integer /.
(Because)
Since A is nonnegative, there uniquely exists a
nonnegative real number 7 such that A =n(n+1).
Then the solution of @), @ is expressed as

R(r) = Cre™ " x poly(r),

which is smooth at » = 0 if and only if

7 1S a nonnegative mteger. [

[8]



Equivariant determinant of elliptic operators

Definition For a compact Lie group G and a G-equivariant elliptic

operator D, a homomorphism Ip : G — R/Z is defined by
1 det(g| ker D)
Ip(g) =

log :
27/ — det( |coker D)

Formula If g € G has an order p, then the next equality holds.

1 =&

p—1

5 —Index(D, g®) mod.Z
p

Index(D) —

[T

1%
P =

where £, = e2™V~1/P and

Index(D, g) = Tr (g| ker D) — Tr (g|coker D),
Index(D) = Index(D, 1) = dimker D — dim coker D

[9]



Properties

(1) Ip is an additive homomorphism, and
hence the the following equalities hold:
Ip(97) = 2Ip(g) , Ip(g9) =0 for g€ |G,G] .
(2) Ip(g) is calculated from the fixed point
data by using the Atiyah-Singer’s

theorem if ¢ is periodic.

Using the properties above, we can use Ip
as an obstruction to the existense of GG-actions.

[10]



Example Let p be an odd prime number

and r a natural number defined by

1 —1)(p—2
T:Tp</€):/€p—|—pT (/CEZ,O</C<<p ;]()p )>

Then it follows from a result of Glover-Mislin (1987) that
1. Z,CTI"
< namely, the compact Riemann surface X" of genus )

r = r,(k) admits an action of the cyclic group Z,.
2. Fixed point set of g € Z, consists of 3 points.

Suppose that the fixed point set of g consists of ¢1, g2, g3 and
that g-v = ¢ v for v € Ty, X"
Then, the value Ip,(g) for the @*T¥"-valued Dolbeault

operator Dy on X" is calculated as follows:

[11]



12pIp,(g°%) = F) (2,057, T2, 7T3) mod.12p
for 1 < z <p-—1 where

Fp,r(zvg y 71572, 7_3)

—6(p— 1)(1 —r)(20 + 1)

( )
\ 21i(p— 1)(7Tp — 11)
4 Z y [ (£+p—;1)27i } | \
; — 1
S BN (R
\ j:[ (H?ZW }_H Z J

[12]



For a prime number p, we call a finite group G
a Cp group 1t the order of the commutator subgroup
|G, G| is a multiple of p. Note that
1. C, group is a non-abelian finite group
2. Any non-abelian finite group is a C, group
for some prime number p

3. |Cp, Cp] contains an elment g of order p (Cauchy)

Assume that a C), group G acts on X" for r = r,(k).
Then the property 3 above implies the existence ot
natural numbers (71, 72,73) (1 <711, 72, T3 < p—1)

which satisty the following condition:
[13]



F,(2,€;71,72,73) = 0 mod.12p
for 1 <z<p—1,0</i<p-—1.
(<:> ]De (gz> — Z]De (g) — O)

But direct computation using a computer shows that

there does not exist such (7, 72, 73) when
p=>5,11, 17, 23, 29, 41. 47, 53, 59. 71, 83, 89.

This result implies that any C), group can not

act on X" for r = r,(k) if p is in the list above.

[14]



For example, C),, group can not act on X" when

(p,r) = (89,44 + 89k) (0 < k < 43).

Remark Let Dy, be the dihedral group of order 2p.
Then Bujalance-Cirre-Gamboa-Gromadzki (2003)
shows that min{r| Dy, CI"} =p—1.

For example, Do.s C ', Dggg C I'38

[15]



